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Abstract 

We study the superstring theory with an Abehan worldsheet gauge field. The 
components of the gauge field appear as a space and a time coordinates. We call them 
as "fictitious coordinates" . The worldsheet supersymmetry and the Poincare symmetry 
of this model will be analyzed. The T-duality and quantization of the two fictitious 
coordinates also will be obtained. 
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1 Introduction 



The gauged actions in the string theory have been studied from the various point of view [1]. 
We introduce an Abehan worldsheet gauge field in the superstring action. Our motivation 
is as follows. The S-duality of the type JIB theory implies that fundamental string of JIB 
is S-dual to the D-string. Thus, according to the observation of [2], the worldsheet fields 
comprise not only the target space coordinates, but also an SL{2; R) doublet of Abclian 
gauge fields. In addition, the worldsheet with gauge field in the Matrix string theory also 
has been studied [3]. 

We are interested in the case that the U{1) gauge field, which lives on the string world- 
sheet, to be independent degree of freedom. Therefore, the square form of the corresponding 
field strength appears in the string action. The gauged action of the superstring enables us 
to build two worldsheet fields from the components of the gauge field. They appear as the 
space and time coordinates. Since they are not actual coordinates, we call them as "fictitious 
coordinates" . The fictitious space coordinate is hidden. In other words, from the quantiza- 
tion point of view, we observe that it has to be compact. We study the various symmetries, 
T-duality and quantization of this extended action of the superstring. 

This paper is organized as follows. In section 2, the superstring action in the presence of 
the worldsheet gauge field Aa{a, r) will be obtained. In section 3, the components of the field 
A"' as the fictitious coordinates, and also their super-partners will be studied. In section 4, 
some symmetries of the model will be discussed. In section 5, the solutions of the fictitious 
coordinates and some electric fields will be obtained. In section 6, the effects of T-duality 
on the fictitious coordinates and also their quantizations will be analyzed. 

2 The gauged action of the superstring 

The action of the superstring with the worldsheet supersymmetry is 



for the matrices {p"} in the Major ana basis, and rjab — diag(— 1, 1) and 7]^,^ — diag(— 1, 1, 1) 
for the worldsheet and spacetime metrics. The supersymmetry transformations for this ac- 




(1) 



where we have the following notations 
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tion are 



S^/jf^ = -ip-daX^Tj, (3) 

where 77 is a constant infinitesimal Majorana spinor. The supercurrent, associated to these 

transformations, is 

ja = ^p'pardbX,, (4) 

which is a conserved current, i.e. d^ja — 0. 

To obtain a supersymmetric action with the gauge field, we use the superfields in the 
worldsheet superspace. In other words, the bosonic action 

should be super symmetrized. The factor g is gauge coupling constant and the field strength 
is Fob = daA^ — dbAa. This action has the gauge symmetry. Therefore, we have the condition 

daA- = 0. (6) 

Note that the worldsheet field Aa is not pull-back of a spacetime gauge field A^. 
The bosonic fields and A"- should be replaced by the superfields 

Yf^ia, r; 9\ 9') = X'^ia, r) + eri^, r) + UeB^{a, r), (7) 

A^{a, r; d\d') = r) + 9p^x{<^, r) + \99W\a, r), (8) 

where and VT" are auxiliary fields and the Majorana spinor x is the super-partner of Aa. 

I 9^\ 

The Grassmannian coordinates and 9^ form a Majorana spinor 9 = I I . Thus, the 

term such as 9p'^9u{a,T) is zero and hence does not appear in the superfield (8). 

The derivative da also should be changed. We introduce the following superspace covari- 
ant derivative 

= ke^^PbD, 

D = £ - ip^9da^ (9) 
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where e"^ = — = 1 and A; is a constant which will be specified. For a superfield Z its 
derivative DZ also is superfield. On the other hand, the transformation bZ — eQ{Z) implies 
5{DZ) = eQ{DZ). The operator 

Q = ^ + zpm, (10) 

is generator of the supersymmetry on the superspace. Similarly, V^Z also is a superfield. 
That is, it transforms in the same way 

SiVZ) = eQiVZ). (11) 

Therefore, the derivative "D" enables us to write the supersymmetric form of the action (5). 
For finding the constant k we demand the property 

V^Y^VaYf" = DY^DV. (12) 

This gives k e {±^,±^}. Note that the definition = kp'^D does not satisfy the 
equation (12). 

Adding all these together we obtain the following supersymmetric action 

S^l (facfei^-^V^Y.VaY^ + ^^a6^"') ■ (13) 
The superfield strength Tab has the definition 

^ab = VaAb - VbAa. (14) 

After integration over the Grassmannian coordinates 9^ and 6^, this action takes the form 

As we see, the gagino field x from the two-dimensional action disappeared. In addition, 
according to the condition (6), the term daA'^dbA^ is double total derivative dadb{A^A'') and 
hence it also has been ignored. 



3 A new form for the gauged action 

In the action (15) the kinetic terms of the fields and A^ have the same feature. In other 
words, A° and A^ have the roles of the time and space coordinates. Let {X"} denote the 
coordinates of this fictitious 1+1 dimensional spacetime. Thus, we have the field redefinition 



X^ = ^A^. (16) 
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In addition, the auxiliary field also is scaled in the same way 



S» = ^W^. (17) 
According to these definitions, the action (15) can be written as 

S = / dMdaX^d-XM - iVP^dai^^ - B^Bm), (18) 

where M G {fi,a}, and we shall use the convention a G {0, 1} and fi G {0', 1', ...,9'}. Since 
both X" and cr" carry the worldsheet index, the partial derivative da always shows derivative 
with respect to cr". The bosonic part of this action apparently describe a 12-dimensional 
spacetime with the signature 10+2 and the coordinates 

{X^^} = {X^}U{X"}. (19) 

Because the gauge condition is survived, this two additional coordinates are constrained on 
the worldsheet. Thus, they do not describe additional 1+1 dimensions. However, in the 
superstring theory the dimension of the spacetime always is 9+1. Therefore, we call the 
extra dimensions as "fictitious coordinates" . 

The fermionic term of the action (18) also can be written with the 12-dimensional indices. 
For this, the Major ana spinor ■0" is defined by 

9 \Xi J 9 \-Xi J 

The spinors and i/j'^ satisfy the identities 

v;v"5„v6 = 0, (21) 

4:7ra' 

ri^a = -^XX, (22) 

f XI \ 

where X — \ • Introducing the identity (21) in the action (18) leads to the covariant 

\X2 J 

form of this action 

^— J clMdaX^'d^XM - iV^^p"a„V^M - B^Bm) . (23) 



Ana' 

The metric of the extended manifold is 



Vmn = diag{r]^u,r]ab), (24) 
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where 77^1/ belongs to the 9+1 actual spacctime and rjai, for the fictitious coordinates. 
The equations of motion, extracted from the action (23), are 



dad^X^ = 0, 

= 0. (25) 
In addition, we should also consider the gauge condition 

daX- = 0. (26) 
This condition and the equation of motion of X" can be written as 

= e''%(l), (27) 



9„a> = c, (28) 

respectively. The constant c is independent of a and r. 

The fields in the right-hand-sides of the equations (16), (17) and (20) correspond to the 
gauge theory, while the fields in the left-hand-sides belong to the string theory. The factor 
^^J"' in these relations, for the weak coupling regime in the gauge part, i.e. g — > 0, is 
equivalent to the zero string tension a' — > 00. This is an expected result from the duality 
map between gauge theories and strings [4]. 



4 Symmetries of the model 
4.1 Worldsheet supersymmetry 

Using the superfield (8) we obtain the supersymmetry transformations of A" and x as in the 
following 

SW'' = -iep^p^'dbx, (29) 

where p"'' = |[p")P'']- The supersymmetry parameter e is an anti-commuting infinitesimal 
constant spinor. For obtaining these transformations the gauge condition (6) has been used. 
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In terms of the fields {X"-, ip"', B"^} these transformations take the form 

(55" = e^^^dci^b. (30) 

The transformations (30) form a closed algebra. To see this, use the equations of motion 
to remove from these transformations. Now consider two successive transformations with 
the supersymmetry parameters e\ and £2; then 

= (31) 

for the worldsheet bosons {-^"}, where = ie°'^€ipbe2. For the worldsheet fermions {ip°'} 
we have 

[5,„5,,]r^ieiP%dbr- (32) 

The supercurrent associated to the supersymmetry transformations (30), accompanied 
by 6X^' = dipi" = 0, is 

K = '-p""' Pai^a's'^'dbX,. (33) 

According to the identity p°'p°'' Pa — there is p^/ca = 0. That is, some hght-cone components 
of ka vanish. The field equations (25) for M e {0, 1}, and the gauge condition (26) imply 
that ka is a conserved current, i.e., 

= 0. (34) 

The transformations (3) and (30) for 77 = e give the conserved current = ja + ^fl- 
it is possible to define a two-index current Kab as in the following 

^ab = |PaV'6£"'''«9a'X6,. (35) 

In fact, we have ka — p°'Kab- In terms of the fields Aa and x it becomes 



i^a6 = ^PaP^X^6c£"'''i^a'6'. (36) 



This current also satisfies the conservation law 



df'Kab = 0. (37) 
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The action (23) also is invariant under the following supersymmetry transformations 

SB^ = -iRp^daip^, (38) 
where k is the supersymmetry parameter. The associated conserved current is 

Ja = ^p'pai^^dbXM. (39) 

4.2 Consistency of the gauge condition with the supersymmetry 

The gauge condition (26) can also be written in the form 

d+X^ + d+X^ + d-X^ - d-X^ = 0, (40) 

where d± — ^(^^±5^). According to the worldsheet supersymmetry, we should also introduce 
the fermionic analog of (40), i.e., 

V'+ + V^i + V'- - V'i = 0, (41) 

where V'i are defined by = . According to (20) if^t (■^^ ) has expression in terms 

\r+ j 

of X2 (xi)- Therefore, the equation (41) is an identity. That is, the gauge condition (26) is 
consistent with supersymmetry. 

4.3 The Poincare symmetry 

The action (23), with B^ — 0, under the Poincare transformations 

= a^X"" + b^, 

5^ = a\r, (42) 

is symmetric. The matrix gmn is constant and antisymmetric, and is a constant vector. 
The associated currents to these transformations are 

= -^daX^, 

27ra' " 

= -^(X^a„X^ - + z^S^PaV'^)- (43) 

These are conserved currents, i.e. d°-P^ = d°'J^^ = 0. 

According to the gauge condition (26) the component J^^ takes the form 

Ja = ^,{-e"'eaa'X''d,,X^' + ^VaV'')- (44) 
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5 The fictitious coordinates and electric fields 



5.1 Solutions of the fictitious coordinates 

Now we solve the equation of motion 

{dl - = 0, (45) 

for the cases that the fictitious coordinates {X"(o", r)|a = 0, 1} appear as the coordinates of 
open and closed strings. The variation of the action (23) leads to the following boundary 
condition for open string solution 

(a,X"),„ = 0, (46) 
where ctq = 0, tt. Therefore, the solutions of the equation (45) are 

X\a, r) = + /Vr + E -^e"*'^^ cos(n(7), (47) 



for the open string, and 



+ / Vr + 2LV +l:lY.- Ule-'''<^-"^ + <e-'^"(^+^)) , (48) 



X"(a,r) =a;" + /V 



for the closed string. In these solutions there are / = \/2a' and = n"'Ra, where n" is 
winding number of the closed string and Ra is radius of compactification of the fictitious 
coordinate X". 

These solutions should also satisfy the condition (26). This condition gives 



p° = a° = = 0, (49) 



for the open string, and 



for the closed string. Introducing (49) and (50) into the solutions (47) and (48) we obtain 

X\a,r) ^x^ + IYt, (51) 
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as fictitious coordinates of tlie open string, and 



r) = + /^(pV - pV) + ^/ E - f «ne-'^"(^-'^) - a„e-^-(-+-)) , (52) 



for the closed string. 



5.2 Various electric fields 



The worldsheet field strength Fah — '^/^^(^a^b — dbXa) can be written as Fab — —^abE, 
where the worldsheet electric field E is 

^=#i. (53) 

from the open string solution (51), and 

due to the closed string solution (52). These imply that the zero modes of the fictitious 
coordinates specify the field strength on the worldsheet. 

Now we prove that the compactness of the coordinate imposes an electric field along 
it. There is the following relation between the momentum and winding numbers of a closed 
string [5], 

= (55) 

where the index Oc refers to the compact directions and /„;, is a background field strength. 
Since the X^-direction is compact this relation gives p° = — ^/^^L^. The other form of this 
equation is 

= -,SL\ (56) 
a' 

where the electric field along X^-direction is defined by £ = /oi. The equation (56) with the 
first equation of (50) lead to 

S = -1. (57) 
Therefore, there is a unit electric field in the X^-direction. Note that £ ^ Fqi. 
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6 T-duality and quantization of the fictitious coordi- 
nates 



6.1 T-duality 

The zero modes x", and L", in terms of the left and right components are 



L^^a'{pl-pl). (58) 

Under the T-duahty xj, ^^^^ do not change, while x^, and an change their signs. 
Thus, the T-duality on the fictitious coordinates (52) gives 

r) = x'^ + 2(LV - LV) - J/ E - f ane-'^"^^-'^^ + a„e-2^"(^+^)') , (59) 

where x'" — x1 — Xj^. 

Assume the following relations between the center of mass coordinates x" and x'", 

x'° = -x^ , x'^ = -x°. (60) 

According to this, compare the dual coordinates (59) with the coordinates (52). We observe 
that 

= , X'^ = -X°. (61) 

That is, up to the sign, the fictitious coordinates are T-dual of each other. As expected, 
under twice dualization these coordinates do not change. The compact form of (61) is 

X'" = -e^^Xft. (62) 

Combine this with the equation (27). In terms of the field this dual coordinate is 

The equations (28) and (63) give daX'"- — —c. Therefore, the dual coordinates also are 
constrained by this gauge condition. However, the equations (27) and (63) imply that the 
scalar field is origin of the four coordinates {X", X^; X"^, X'^}. 

11 



Define the divergence of tfie gauge field as $ = —daA"-. From tlie equations (61) we 
observe that under the T-duahty $ and Fqi — {drX^ + d^rX^) get exchange 

$ i — > Foi. (64) 

In other words, T-dual of the field strength is zero. The T-dual version of Fah also can be 
obtained from (54) 

The first equation of (50) gives = 0. This is consistent with the T-duality relation (64). 
6.2 Quantization of the extra worldsheet fields 

Since the condition (41) is an identity the worldsheet fcrmions {'(/'"} ai'c not constrained. 
Thus, in their quantizations there are not new phenomena. For quantizing the bosonic fields 
{X"} we need to fix the gauge. The gauge fixed Lagrangian is 

c = --^^{daX'd'^x, + KdaX'^f), (66) 

47rQ;' 

where A is constant. In addition to the equation of motion, extracted from this Lagrangian, 
we should also consider the equation (26), e.g. see [6]. The result is the same as the case 
A = 0. 

Since quantization does not admit the open string solution (51), we consider the closed 
string solution (52). The canonical momentum conjugate to X"' is 

The canonical commutation relation at equal r is 

[X\a, t) , Ii\a', t)] = id''''6{a - a') . (68) 

In fact, consistency with the constraint (26) requires 5"^ instead of 77"^. This quantization 
leads to the following commutation relations 

[am, an] = [am, Oln] = m5m+n,0, 

[am, an] = 0. (69) 
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According to the first equation of (50), tlie commutator = i implies tliat ^ 0. 

In otlier words, tlie worldslieet field always is compact. The worldsheet field can be 
compact or non-compact. 

The following nontrivial commutation relations are consequences of the relations (69), 

sin[2n(cT — a')] 



[X%a,r),X\a',r)]^2ta'Y: 



n=l ^ 



[U'{a,T),U\a',T)] = -^5'{a-a'), (70) 

where 5' {a — a') = daS{a — a'). These commutators do not show the usual noncommutativity. 
For the usual noncommutativity we should consider a — a', which gives zero for the right- 
hand-sides of (70). However, the fictitious coordinates in different points of closed string 
have a kind of noncommutativity. 



7 Conclusions 

By appropriate definitions for the superfields and covariant derivative on the worldsheet 
superspace, we studied the superstring theory in the presence of a worldsheet gauge field. 
This model contains some connections between the string and gauge fields. For the fictitious 
1-1-1 directions, the worldsheet supersymmetry and the associated currents were obtained. 
In addition, the Poincare symmetry was analyzed. 

The fictitious open string coordinates only have zero modes. For the closed string, the 
winding number around the X^-direction is proportional to the momentum along the 
direction. This gives a unit electric field along the X^-direction. However, the worldsheet 
electric fields have expressions in terms of the momentum and winding number of the string. 

We observed that the fictitious closed string coordinates X° and X^ are T-dual of each 
other. In addition, the field strength and the divergence of the gauge field, under the 
T-duality, transform to each other. Therefore, T-dual of the field strength vanishes. A 
worldsheet scalar 0((T, r) defines the fictitious coordinates X° and X^ and their T-dual 
coordinates. 

We saw that the quantization of the field X° imposes the compactification of the field X^. 
Finally, in the space {X^, X^} we obtained a noncommutativity between the coordinates of 
two different points of closed string. 
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